There is proposed a method for improving the convergence of Fourier series by function systems, orthogonal at the segment, the application of which allows for smooth functions to receive uniformly convergent series. There is also proposed the method of phantom nodes improving the convergence of interpolation polynomials on systems of orthogonal functions, the application of which in many cases can significantly reduce the interpolation errors of these polynomials. The results of calculations are given at test cases using the proposed methods for trigonometric Fourier series; these calculations illustrate the high efficiency of these methods. Undoubtedly, the proposed method of phantom knots requires further theoretical studies.
Introduction.
In many science and technology tasks arises a problem of representation of a function given on a segment   Let's consider a general method of obtaining uniformly convergent Fourier series in orthogonal systems at the segment   b a, functions for the above cases. This method is that a function ) (x f specified at a segment     , , the linear replacement of the variables is reflected at the segment
is completed by some functions
, which are chosen in such a way to preserve that "good" property of the original function
, which ensures uniform convergence of the Fourier series. In other words, in the Fourier series on the segment the function is now decomposed, which looks like Let's consider the using of the method of phantom functions more detail, at the same time, without losing the universality, we confine ourselves to certainty only by considering well-studied trigonometric Fourier series. Let
; as is known, such functions may have a finite number of discontinuities of both the function itself and its derivatives. Assume that the functions
, where all these functions have jumps, respectively equal
. To these points you need to add a point
; different from zero, since there are gaps in the periodic extension of the function at this point. Suppose also that there is a derivative everywhere (except points 
Then for the Fourier coefficients
Formulas have a place (respectively, for k odd and k pair):
These formulas are easy to obtain, integrating expressions for Fourier coefficients in parts , is continuous and has continuous derivatives 1  k in order inclusive at this interval, then with a periodic extension with a period  2 for the entire numerical axis in the general case there are gaps of the first type of jump type both in the function itself and its derivatives. It is clear that in this case, the Fourier series can not match evenly on this segment.
To obtain a uniformly convergent Fourier series of function
, we apply the above method of phantom functions.
The linear replacement of a variable will display the function
the function is defined so that, with a periodic extension, the continuity of the function itself and its derivatives to a certain order is preserved. It's easy to achieve using Hermite interpolation polynomials. Thus, from the consideration of the function
we switched to the consideration of the function
which, after periodic continuation with a period  2 for the entire numerical axis, is continuous and has continuous derivatives of certain orders.
It is advisable to make the following remark. Since the periodic function with the period  2 can be considered at any length  2 , after replacing the variable let's proceed to the consideration of the function
The expediency of such a transition is due to the fact that now, instead of two phantom functions
, we are dealing with only one phantom function
To illustrate the foregoing, consider an example.
Example. On the segment   , and the row does not coincide evenly.
To obtain a uniformly convergent series, we apply the proposed method of phantom functions. Let's set the parameter  , (
) and we will display the function at the segment  
. It is easy to do this by linearly replacing a variable x with a variable t in this way
We construct the function
We will continue to function 
In case of a function
 , the obtained result can be greatly enhanced by ensuring the continuity of derivatives of higher orders. Construct a function based on conditions
As we have already said, it is easy to construct such a function using the Hermite interpolation polynomial. Considering now the function
and continuing it periodically with a period on the entire numerical axis; It is easy to see that the function itself and its derivatives to , we will construct a trigonometric interpolation polynomial. Here it is advisable to make a such remark. Generally speaking, an interpolation trigonometric polynomial
The fact is that at the point  2 the value of this polynomial is definite due to periodicity
. Therefore, the polynomial interpolation So we come to the conclusion, that a trigonometric interpolation polynomial has the same defects as the Fourier series considered above; and in this case we will propose a method of improving convergence, which we will call the method of phantom knots.
This method is as follows. Add to the sequence of interpolation nodes on the right side a pair of nodes that we will call phantom.
It is clear that the addition k 2 (
... Note that the value of the selected phantom points were looking by us with accuracy up to 3 
10
 . By increasing this accuracy, one can get an increasing the coefficients shown in the tables. Analyzing the data presented in the tables 1, 2, it is possible to put forward the hypothesis that at selected values of phantom points we obtain certain analogs of the trigonometric polynomials of the best approximation in space      2 , 0 C . However, it is difficult to prove this fact, using the wellknown results of the approximation theory. In our opinion, this is due to the fact that in the theory of approximations, the number of points in the Chebyshev alternate determines the order of approximating polynomial; in our case, such a connection is violated.
If this hypothesis is correct, the task of finding points is greatly simplified, that are similar to points of "Chebyshevsky alternative". Indeed, in this case, the arrangement of these points at the segment is fixed; it is necessary to determine only values in a small number of phantom points.
In any case, the proposed method of phantom knots requires further research.
Conclusions.
There is proposed a method for improving the convergence of Fourier series by function systems, orthogonal at the segment, the application of which allows for smooth functions to receive uniformly convergent series. There is also proposed the method of phantom nodes improving the convergence of interpolation polynomials on systems of orthogonal functions, the application of which in many cases can significantly reduce the interpolation errors of these polynomials. The results of calculations are given at test cases using the proposed methods for trigonometric Fourier series; these calculations illustrate the high efficiency of these methods. Undoubtedly, the proposed method of phantom knots requires further theoretical studies.
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